Abstract. We show that Schottky's modular form, Jg, has in every genus an irreducible divisor which contains the hyperelliptic locus. We also improve a corollary of Igusa concerning Siegel modular forms that must necessarily vanish on the hyperelliptic locus.
, respectively. This representation could be "accidental" in that the dimension of cusp forms of weight 8 on H 4 is small enough to make the the proportionality of forms arising from different sources likely. On the other hand this representation could point to a deeper relationship between differences of theta series and geometrically interesting loci in H g . This paper provides a piece of data which supports the hypothesis of a deeper relationship. We show that ϑ lattice. The proof we give is a simple modification of an argument due to Igusa in [3, page 845 ] that uses his homomorphism ρ g : A(Γ g ) → S(2, 2g + 2). Theorem 3.8 shows that if f ∈ A(Γ g ) vanishes at the cusps of the hyperelliptic locus, then ρ g (f ) is divisible by the discriminant in S(2, 2g + 2). Theorem 3.8 provides a brief proof of the more interesting Corollary 3.10 that the modular form ϑ
always vanishes on the hyperelliptic locus. The author is presently investigating whether or not this form vanishes on the Jacobian locus for g ≥ 5. I thank William Duke for the interesting talk at Columbia University on Siegel modular forms and codes which led me to this investigation. I also thank my colleague Armand Brumer for his explanations on these topics. §2. Notation
We first review the notation concerning modular forms and subvarieties of the moduli space of principally polarized abelian varieties. We let H g denote the Siegel upper half space of degree g ≥ 1, and let Γ g = Sp g (Z) denote the Siegel modular group which acts on H g . Let A k (Γ g ) denote the Siegel modular forms of weight k for Γ g , and let A(Γ g ) = k≥0 A k (Γ g ) be the graded ring of Siegel modular forms. For g ≥ 2 a homomorphism of graded rings Φ g :
Elements in the kernel of Φ g are called cusp forms. We view A g = H g /Γ g as the moduli space of principally polarized abelian varieties. The Torelli map sends a compact Riemann surface of genus g to its Jacobian's class in A g . We let J g denote the closure in A g of the image of the Torelli map and refer to J g as the Jacobian locus. In the same way we let h g denote the closure of the image of the restriction of the Torelli map to hyperelliptic Riemann surfaces, and call h g the hyperelliptic locus. We say that a Siegel modular form
We now discuss lattices in R n and their associated theta series. A lattice Λ ⊆ R n is called integral if for any 1 , 2 ∈ Λ the value of the inner product 1 , 2 is an integer. The following sequence of analytic functions ϑ Λ are invariant under isometries of the lattice Λ.
2.2 Definition. Let Λ be a lattice in R n . For each g ≥ 1 the theta series of Λ, 
.
From the work of Igusa in [4] In this section we prove that a hyperelliptic cusp form of weight less than 8 + 4/g must vanish on the hyperelliptic locus, h g . The main tools are Igusa's homomorphism ρ g : A(Γ g ) S(2, 2g + 2) from a subring of Siegel modular forms to a graded ring of "binary invariants", and Tsuyumine's map T g : S(2, 2g + 2) C(a 1 , . . . , a 2g ) that gives the ρ-induced action of Φ g on S(2, 2g + 2).
3.1 Definition. For r ≥ 1, s ≥ 0, let S(2, r) s be the set of f ∈ C[a 1 , . . . , a r ] such that both 1. and 2. hold. C(a 1 , . . . , a 2g ) by, for I ∈ S(2, 2g + 2) gm , I(a 1 , . . . , a 2g , 0, 0) .
In [7] the domain of T g (designated by Φ in [7] ) is given as S(2, 2g + 2) and the range space of T g is given as C(a 1 , . . . , a 2g ), but the formula defining T g gives T g I in the algebraic extension C(a 1 , . . . , a 2g )( g √ a 1 . . . a 2g ). One easy way to mend this discrepancy is to define Dom(T g ) = m≥1 S(2, 2g + 2) gm so that the range space of T g is C(a 1 , . . . , a 2g ) . This is what has been done in Definition 3.5. The Dom(T g ) in Definition 3.5 includes the ρ g -images of even weight modular forms; this inclusion is all we use here and all used in [7] to prove the following proposition. S(2, 2g) .
Proposition (Tsuyumine [7, page 786]). Let g ≥ 1. There is a choice of ρ g in Theorem 3.4 such that for even k and for all
3.7 Definition. Let g ≥ 2, and let f ∈ A(Γ g ). We say that f is a hyperelliptic cusp form when Φ g (f ) ≡ 0 on h g−1 . S(2, 2g + 2) . Proof. Let f be a hyperelliptic cusp form so that we have Φ g (f ) ≡ 0 on h g−1 by Definition 3.7. From 2. of Theorem 3.4 we have Φ g (f ) ∈ Ker(ρ g−1 ). From Tsuyumine's Proposition 3.6 we have C(a 1 , . . . , a 2g ) . From the definition of T g we see that ρ g (f ) is in the ideal (a 2g+1 , a 2g+2 ) of the ring
∆2g+2 is an alternating polynomial in the a · , we have that ∆ 2g+2 divides
and ρ g (f ) are both in S(2, 2g + 2), their quotient is as well, and we have that ∆
Proof. We have that ∆ Proof. For g such that 1 ≤ g ≤ 4 this is known from the work of Witt [8] , Kneser and Igusa [4] , [5] . Corollary 3.10 follows by induction on g. Suppose that we have J g ≡ 0 on h g ; then we have Φ g+1 (J g+1 ) = J g ≡ 0 on h g so that J g+1 is a hyperelliptic cusp form. J g+1 is of even weight 8 so that we may apply Corollary 3.9 to conclude that J g+1 ≡ 0 on h g+1 .
3.11 Remark. Corollary 3.10 may also be proven using Thomae's formula [3, pg. 838 ] and the theta identities in Lemma 1 of [5, pg. 354] . It then reduces to the following interesting polynomial identity which can be proven inductively by letting a 2g+1 = a 2g+2 . For g ≥ 1 we have the polynomial identity in Z[a 1 , . . . , a 2g+2 ]:
The above sum is over the 1 2 2g+2 g+1 partitions T T c of {1, 2, . . . , 2g + 2} for which both T and T c have g + 1 elements. This formula was our original method of proof and was also noted by the referee.
Finally, we mention that J g is irreducible in A(Γ g ).
3.12 Proposition. For all g ≥ 4, the divisor of J g in A g is irreducible.
Proof. We will show by induction on g that the divisor of J g is proper and irreducible in A(Γ g ) for g ≥ 4. The case g = 4 is due to Igusa [4] . We use a principle of Freitag which he deduces from his "Satz 2" in [2, page 256]. "For g ≥ 3 an f ∈ A(Γ g ) has an irreducible divisor, div(f ), if f may not be written as the product of modular forms of lower weight." If we had J g = ψ 1 ψ 2 in A(Γ g ) where 0 < deg ψ 1 , deg ψ 2 < 8, then applying the map Φ g to J g and using the induction hypothesis show that J g is nontrivial on H g and that J g−1 = Φ g (ψ 1 )Φ g (ψ 2 ) in A(Γ g−1 ) where 0 < deg Φ(ψ 1 ), deg Φ(ψ 2 ) < 8. This is impossible because div(J g−1 ) is irreducible by the induction hypothesis. This shows that div(J g ) is both proper and irreducible in A g .
